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We designed and developed a master-slave electronic oscillatory system (based on the 555-timer
IC working in the astable mode), and investigated its dynamic behavior regarding synchroniza-
tion. For that purpose we measured the rotation numbers corresponding to the phase-locking
rhythms achieved in a large set of values of the normalized forcing frequency (NFF) and of the
coupling strength between the master and the slave oscillators. In particular we were interested
in the system behavior in the strong-coupling limit, because such problem has not been exten-
sively studied from an experimental perspective. Our results indicate that, in such a limit, a
degenerate codimension-2 bifurcation point at NFF=2 exists, in which all the phase-locking re-
gions converge. These findings were corroborated by means of a mathematical model developed
to that end, as well as by ad hoc further experiments.
1. Introduction
The phenomenon of synchronization has fascinated scientists since its discovery by Christiaan Huygens
circa 1666, but only in the late 20th century was a solid mathematical theory developed that allowed us
to deeply understand some of the simplest examples of synchronization [Peskin, 1975; Mirollo & Strogatz,
1990]. Despite these and other seminal achievements, the problem in general is still open for research—see
for instance [Pikovsky et al., 2001], Chapter 8.
A simple alternative to the problem of two mutually-interacting oscillators is having one of them
(the master oscillator) unidirectionally influencing the other (the slave oscillator). This problem has been
extensively studied, and actually we know what to expect in the weak coupling limit—see [Pikovsky et al.,
2001], Chapter 7. Whenever the master and slave oscillator frequencies are similar and the interaction
between them is strong enough, they achieve 1:1 synchronization. When at least one of these conditions
is not satisfied, one can obtain either other phase locked rhythms or aperiodic (quasi-periodic) rhythms.
In the two-parameter stimulation-frequency—forcing-intensity plane, the former rhythms occur within
areas known as Arnol’d tongues, while the latter occur in one-dimensional arcs interlaced between the
Arnol’d tongues [Boyland, 1986]. This behavior has been observed, both experimentally and theoretically,
in multiple physical, chemical, and biological oscillators [Boyland, 1986; Dolnik et al., 1989; Eiswirth &
Ertl, 1988; Glass et al., 1984; Glass, 2001; He et al., 1989].
A much richer behavior repertoire can be observed at medium-to-high levels of coupling strength. In
general, stronger coupling leads to the deformation/skewness of the Arnol’d tongues, as well as to the in-
tensity dependence of the phase shift [Pikovsky et al., 2001; Gonza´lez et al., 2008]. This in turn can lead to
1
ar
X
iv
:1
40
7.
67
63
v3
  [
nli
n.C
D]
  2
6 O
ct 
20
15
March 14, 2018 10:17 555Synch
2 Moise´s Santilla´n
complex behaviors like period-doubling bifurcations, torus bifurcations, codimension-2 bifurcations, global
bifurcations, bistability, cusps, and chaotic dynamics. Even though these behaviors have been extensively
studied from a theoretical perspective, most of them still need to be described experimentally [Gonza´lez
et al., 2008]. Having this in mind, we decided to design and build an electronic master-slave oscillatory
system (based in the 555 timer IC operating in the astable mode), and employed it to investigate syn-
chronization in a wide range of values of forcing frequency and coupling strength. We also developed a
mathematical model from the experimentally determined phase transition curve, and used it to increase
our understanding of the synchronization phenomenon in this system.
Our circuit design is inspired on closely related experimental and theoretical work that has been carried
out on forced astable multivibrators, some of which has even used the same 555 timer chip employed here
[Allen, 1983a,b; Tang et al., 1983]. In particular, we followed the works of [Guisset et al., 2007; Ramı´rez-
A´vila et al., 2003, 2007, 2011, 2010; Rubido et al., 2011a, 2009, 2011b], in which oscillators based upon
the 555 IC are coupled through light. In these articles, the system behavior has been extensively studied
from the point of view of phase-response curves, phase dynamics, noise influence, and Arnol’d tongues;
and not only for the master-slave situation, but also for mutual-interaction. However, to the best of our
knowledge, the authors have not studied synchronization in such a system in the strong coupling limit, and
the present work is aimed at filling this void. To facilitate changing the coupling strength in a wide range
of values, we decided to use electrical, instead of light, coupling. For the time being, we limit ourselves to
the master-slave configuration, and leave other more general situations for future work. Our results suggest
that the slave oscillator dynamics can be modeled by means of a circle map in which the phase transition
curve has a horizontal segment, a feature that happens to be very important to understand its behavior.
From this perspective, the present manuscript also draws from [Be´lair, 1986; Arnold, 1991; Gurney et al.,
1992] who have extensively studied similar models.
2. Circuit Design
We are interested in studying the response of an electronic oscillator, built with a 555 timer IC, when it is
periodically perturbed with short stimuli. The 555 timer is an integrated circuit with eight pins that are
connected and/or have the functions described as follows:
• Pin 1 is connected to the ground reference, or low level voltage (0 V).
• Pin 2 is an input pin called the trigger. The output pin goes high when this input falls below 1/2 of the
control voltage, which is typically 2/3 of the positive supply voltage, Vs.
• Pin 3 is the 555 IC output pin. Its voltage can be equal to either Vs or 0 V, depending on the state of the
trigger, reset, and threshold pins.
• Pin 4 is the reset pin. Voltage at this input needs to be higher than about 1 V in order for Pins 3 and 7 to
be able to switch between their available states.
• Pin 5 is an input pin that provides access to the control voltage. If this pin is unconnected, the control
voltage takes its default value: 2/3 Vs. Usually this function is not required and the control input is often
left unconnected. If electrical noise is likely to be a problem a 0.01F capacitor can be connected between
the control input and 0 V to provide some protection.
• Pin 6 is an input pin known as the threshold pin. Voltage at the output pin goes low when the voltage at
this pin is greater than the control voltage (2/3 Vs if pin 5 unconnected).
• Pin 7 is called the discharge pin. It is an open collector output which may discharge a capacitor in phase
with the output pin.
• Pin 8 is the power input pin. It must be connected to the positive supply voltage (Vs), which provides the
power necessary for the IC to operate.
We employed the oscillator design illustrated in Fig. 1. In accordance to the previous explanation of
the 555-IC performance, the circuit oscillatory behavior can be explained as follows. Assume that capacitor
C1 is initially discharged and that the voltage at pin 3 is high. Then, the capacitor starts charging through
resistor R1 and the diode. When the voltage in the upper end of C1 exceeds 2/3 Vs, the voltage at pin 3
shifts to low and pin 7 gets connected to 0 V. This makes the capacitor discharge through resistor R2, until
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the voltage at the C1 upper end goes below 1/3 Vs. At this point, the voltage at pin 3 changes to high, pin
7 gets disconnected from 0V, and the cycle starts all over again. Notice that the diode in parallel with R2
permits the capacitor to charge through RI and discharge through R2. Henceforth, by properly choosing
the values of both resistors one can control the charging and discharging times, which are respectively
determined by the products R1 C1 and R2 C1. In particular, if R1 = R2 we obtain symmetric cycles.
1
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C1 C2
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0 V
Fig. 1. Electronic oscillator built with a 555 timer IC.
To study the response of a 555-timer electronic oscillator when it is periodically perturbed by short
pulses we built the circuit represented in Fig. 2. Basically, it consists of two oscillators like that in Fig. 1,
connected as a master-slave system. The one to the left corresponds to the master oscillator. It produces
periodic pulses of fixed length (determined by resistance R1 and the capacitance C1), at a frequency
determined by the product (R1 + R2) C1. The pulses from this oscillator are fed, through resistor R4 and
a diode (that prevents the slave oscillator from influencing the master one), into capacitor C3 of the slave
oscillator (the one to the right). When not perturbed, the slave oscillator produces symmetric cycles with
a frequency determined by resistance R3 and capacitance C3. A pulse arriving from the master oscillator
invariable increases the voltage of capacitor C3. The voltage increase depends on the values of R4 and
C3. Then, if the pulse arrives while this capacitor is charging, it will shorten the charging time. On the
contrary, if the pulse arrives during the discharging phase, the discharging time will get prolonged.
1
2
3
4
5
6
7
8
555
1
2
3
4
5
6
7
8
555
R1
R2
C1 C2
R4
R3
R3
C3 C4
Vs
0 V
Fig. 2. Circuit design for two 555-timer-IC oscillators, one (to the left) periodically and unidirectionally perturbing the other
(to the right).
We wish to emphasize that the diode between resistor R4 and capacitor C3 ensures that electric current
flows from the master oscillator into the slave one. In principle, this is sufficient to guarantee that the slave
oscillator has no influence on the master one. Nonetheless, it could happen in practice that, when resistance
R4 is very small, the current through it is so large that makes the voltage output at pin 3 (Vo) decrease.
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Table 1. Parameter values for the circuit in
Fig. 2
Parameter Value Parameter Value
R1 180 Ω C1 1 µF
R2 0-10 kΩ C2 0.1 µF
R3 4 kΩ C3 1 µF
R4 0-10 kΩ C4 0.1 µF
Vs 5 V
Recall that this pin voltage should be Vs during the pulse. Nevertheless, as we shall see in Section 3, our
recordings indicate that such thing does not happen under the present conditions. On the other hand,
there is also a voltage drop through the diodes when they are conducting. For the purpose of the present
work, this effect can be regarded as equivalent to having extra voltage source of 0.6 V in series with R1
and R4. This in turn affects the current through such resistors. Despite that, our results are not affected
because, as seen below, they rely upon direct measurements of the circuit dynamic variables, rather than
on calculations depending on the resistance and capacitance values.
Summarizing, we designed and built the circuit in Fig. 2 to study the response of the slave oscillator
when it is periodically stimulated (the pulse frequency can be controlled by varying resistance R2) with
short pulses (pulse length being regulated by resistance R1) of varying intensity (the effect of the pulse on
the slave oscillator is controlled by resistance R4).
The values of all the resistances and capacitances, as well as that of Vs, are tabulated in Table 1. With
these parameters, the experimentally-measured duration of the pulses produced by the master oscillator
is about 0.125 ms, while the frequency of the slave oscillator is about 180 Hz. That is, the slave oscillator
period is more than forty times larger than the duration of the master oscillator pulses. We varied the
value of resistance R2 so that the frequency of the forcing stimulus changed between about 0.87 and 1.73
times the frequency of the slave oscillator. Resistance R4 was varied in the range from 78.125 Ω to 10 kΩ.
Finally we employed the 1N4148 signal diode, which can conduct up to 0.3 A and has a reverse breakdown
voltage of 100 V.
3. Data Acquisition and Experimental Results
Data, in the form of voltage time series measured at pin 3 of the master-oscillator 555 timer IC and at the
upper end of capacitor C3 in the slave oscillator (see Fig 2), were acquired by means of a BitScope BS10
(manufactured by BitScope1), controlled from Python 2.7 via the public library BitScope Library 2.0.
We employed a sampling frequency of 80 kHz, and obtained 12,000 data points each time we recorded. This
guaranteed the acquisition of more than 25 cycles of the slave oscillator, with enough detail to capture the
beginning and the end of the forcing pulses.
We carried out the measurements described in the previous paragraph for several combinations of
resistances R2 and R4 in the range [0 Ω, 10 kΩ]. Recall that the frequency of the forcing pulse can be
changed by modifying resistance R2, while resistance R4 determines how strongly the forcing pulse affects
the slave oscillator. The results for two specific values of R2 and various R4 values are illustrated in
Fig. 3. Notice that, since the frequency of the uncoupled slave oscillator remains unchanged in all of our
experiments, it is sufficient to indicate the value of the master oscillator frequency normalized to that of
the slave oscillator (here and thereafter we shall refer to it as the normalized forcing frequency) to know
both of them.
Observe that, when the value of resistance R4 is very low, the master oscillator is capable of forcing
the slave oscillator to cycle at its same frequency. However, as the value of R4 increases, the phase-locking
rhythm becomes more intricate. In general, we can observe complex cycles in which the system behavior
repeats after m pulses of the master oscillator and n pulses of the slave one. This situation is called an
m : n phase-locking rhythm.
1http://www.bitscope.com
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Fig. 3. Plots of the voltage measured at pin 3 of the 555 timer IC corresponding to the master oscillator (green lines), and
at the positive end of capacitor C3 in the slave oscillator (blue lines), for two different normalized forcing frequency values
(resistance R2), and for various values of resistance R4. The rotation number corresponding to the phase-locking rhythm
achieved in each case is shown.
Fig. 4. Plot the rotation number corresponding to the phase-locking rhythms achieved by the master-slave oscillator system
vs. the normalized forcing frequency and the value of the coupling resistance R4. The color code indicating the rotation number
is shown in the right-hand-side bar.
We repeated the measurements illustrated in Fig. 3 for several values of resistances R2 and R4, and
determined in each case the normalized forcing frequency and the achieved phase-locking rhythm. The
obtained results are summarized in Fig. 4 where the rotation number is plotted—by means of a color
code—vs. the normalized forcing frequency and the value of the coupling resistance R4. Here, we define
the rotation number as the average number of cycles of the master oscillator divided by the average number
of cycles of the slave oscillator (notice that the inverse definition is used in many other papers). From this
definition, the rotation number corresponding to the phase-locking rhythm m : n is the ratio m/n. We can
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Fig. 5. Plot of a few Arnol’d tongues extracted from the data in Fig. 4. The corresponding phase-locking rhythms are
indicated within the Arnol’d tongues.
appreciate that Fig. 4 contains the full set of Arnol’d tongues for the 555-timer oscillator, or at least as many
as the experimental resolution permitted to elucidate. Although Fig. 4 nicely illustrates how bifurcations
affecting the rotation number take place as we move in the parameter space, it is somehow difficult to
identify specific tongues due to small color gradients. It is also possible that that different Arnol’d tongues
are represented with the same color because all phase locking rhythms of the form i ·m : i ·n (with i integer)
have the same rotation number. To improve our understanding of the Arnol’d tongues behavior we isolated
the tongues up to order 5 and show them in Fig. 5. We can see there that all the tongues to the left of that
corresponding to the 2 : 1 phase locking rhythm move up and to the right to presumably terminate in a
degenerate bifurcation point [Be´lair, 1986]. The tongues to the right of the 2 : 1 one behave differently. We
only have one clearly-visible tongue: 3 : 1. Interestingly, in the high-coupling-resistance (weak coupling)
limit, it does not end at the normalized forcing frequency that is equal to the corresponding rotation
numbers (3 in this case), as the other tongues do and as one would expect from the theory [Boyland, 1986].
We believe this is due to the fact that at such high frequencies of the master oscillator, the short pulse
approximation is no longer valid; i.e. the time period between pulses is comparable to the pulse duration.
4. Mathematical Modeling
In Fig. 6 we show recordings of pulses produced by the master oscillator and of the corresponding slave-
oscillator response. The master oscillator frequency was set to be almost twice as large as that of the slave
oscillator, and the coupling resistance R4 was set to 300 Ω. We can appreciate in the plots of Fig. 6 that
the the pulse effect depends on the slave-oscillator phase at which it arrives. Nonetheless, in all cases, only
one cycle in the slave oscillator is affected, while all subsequent cycles remain unchanged. This allows us
to mathematically model the slave-oscillator dynamics as a circle map.
From the discussion in the previous paragraph, we can assume that the effect of a single pulse is
to instantaneously reset the slave oscillator phase. Let φ denote the old phase of the slave oscillation
immediately preceding the perturbation, and θ be the new phase immediately following the perturbation.
Hence, the slave oscillator response to a pulse of intensity h can be summarized in a function of the form:
θ = g(φ, h),
which is usually called the phase transition curve (PTC) [Guevara & Glass, 1982].
To find the 555-timer oscillator PTC, we analyzed the recordings corresponding to the coupling resis-
tance R4 = 9.14 kΩ and to several values of resistance R2, so as to change the frequency of the master
oscillator. In each case, we measured the phase at which the pulse arrives, as well as how much the cor-
responding slave-oscillator cycle was shortened or elongated—here and thereafter we considered that the
cycle starts (φ = 0) at the beginning of the charging phase of capacitor C3. If the cycle is shortened
(elongated), this means that the oscillator phase was advanced (retarded) due to the pulse. By repeating
these measurements at different phases, we were able to experimentally determine several points of the
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Fig. 6. Two different recordings, made under identical conditions, of voltage at pin 3 (green lines) of the master oscillator
and at the upper end of capacitor C3 (blue lines) in the slave oscillator, when the master oscillator frequency is almost twice
as large as that of the slave oscillator. Indeed, the normalized forcing frequency is 1.82. The coupling resistance R4 was set to
300 Ω.
PTC and plotted them in Fig. 7. Notice that the experimental PTC points corresponding to the selected
coupling-resistance value can be approximated by a piece-wise linear function of the form:
g(φ, h′) =

φ+ h′, if 0 ≤ φ ≤ 12 − h′,
1
2 , if
1
2 − h′ < φ < 12 + h
′
2 ,
h′ + 1/2−h
′
1/2+h′/2φ, if
1
2 +
h′
2 < φ ≤ 1,
(1)
with h′ = 0.1.
The functional form of Eq. 1 suggests that parameter h′ can be interpreted as the pulse intensity
h. To further investigate this assertion, note that the PTC has a flat region around φ = 0.5; which can
be explained as follows. According to our observations, the phase φ = 0.5 corresponds to the point at
which capacitor C3 in the slave oscillator stops charging and starts discharging. Taking this into account,
we can see that the PTC flat region corresponds to initial slave-oscillator phases (φ) such that the pulse
from the master oscillator makes capacitor C3 start discharging. That is, if this capacitor is charging, the
pulse increases its charge up to the discharging threshold value; and if C3 is already discharging, the pulse
charges it back to the beginning of the discharging stage. From these considerations, we expect that the
PTC flat region widens as the coupling resistance R4 decreases; the reason being that, as R4 diminishes,
the current through it increases, and so the charge increase in capacitor C3 due a single pulse enlarges. On
the other hand, the PTC flat region also widens as parameter h′ increases—see Fig. 7. This, together with
the fact that such parameter also corresponds to the value returned by function g(φ, h′) when φ = 0—see
Eq. (1), supports the interpretation of h′ as the intensity of the perturbing pulse. Consequently, we assume
that Eq. (1) is a good approximation to the PTC for all values of the coupling resistance (R4), and that
R4 decrements can be modeled by concomitant h′ increments. In particular, we suppose that resistance R4
is inversely proportional to h′, which corresponds to the pulse intensity h.
Once the slave-oscillator phase transition curve has been determined, its discrete-time dynamics in
response to periodic forcing are dictated by the following finite-difference equation [Glass & Mackey, 1988;
Kaplan & Glass, 1995]:
φi+1 = mod ( [ g(φi, h) + mod(τ, 1) ], 1) , (2)
in which mod denotes the modulus operation, φi represents the slave-oscillator phase at the time it receives
the i th pulse of intensity h, and τ is the time period between one forcing pulse and the next, normalized
to the slave-oscillator period when not perturbed. The value of τ can be related to the component values
in the circuit as follows:
τ ' (R1 + R2) C1
2 R3 C3
.
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Fig. 7. In the upper-left panel we show the experimentally measured phase transition curve (PTC)—circles—obtained with
R4 = 9.14 kΩ; together with the corresponding piece-wise linear fitting function g(φ, h)—solid line—given by Eq. (1) with
h = 0.1. Variables φ and θ respectively denote the slave-oscillator phase immediately preceding and following the perturbation.
In the rest of the panels we plot function g(φ, h) with increasing values of h.
Fig. 8. Plots of Arnol’d tongues, up to order 5, computed from the model in Eq. (2), in terms of the normalized forcing
frequency and coupling resistance value (R4). In the corresponding calculations we assumed that parameter h decreases
proportionally to R4 increments, that h = 0.5 when R4 = 0, and that h = 0.024 when R4 = 10 kΩ.
To test the model feasibility, we computed the corresponding Arnol’d tongues up to order five. The
results are shown in Fig. 8. To carry out the respective calculations we took into account that parameter
h decreases inversely proportionally to resistance R4, and assumed that h = 0.5 when R4 = 0, and that
h = 0.024 when R4 = 10 kΩ. We further considered plentiful different points in the coupling-resistance vs.
normalized-forcing-frequency parameter space, and computed the achieved phase-locking rhythm for each
one of them. To find the phase locking rhythms we iterated Eq. (2) three hundred times, and ignored the
first two hundred iterations in order to guarantee that the system reaches a stationary behavior. If the
resulting phase locking rhythm was of the form m : n, with m = 1, 2, 3, 4, 5, we plotted it in the graph of
Fig. 8, otherwise we ignored it. We repeated each point computation twenty times—starting from randomly
selected initial conditions—to test for multistability, but we found no sign of it given that each time we
obtained the same result. This uniqueness of solution might be due to the fact that the middle branch of
the model PTC has zero slope, so that there is no non-monotonicity in the PTC—see for instance type A
vs. type B maps in [Be´lair, 1986]. This result might change should a more realistic model be used.
Observe that for values of the normalized forcing frequency (NFF) smaller than 2. the Arnol’d tongues
in Figs. 5 and 8 are quite similar. Regarding the differences, we can see in Fig. 8 that for every tongue
of the form m : n to the left of NFF = 2 there is a symmetrically placed tongue of the form m : n′ to
the right. Furthermore, all tongues rise and curve towards NFF = 2, where they apparently converge. To
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Fig. 9. Plots of Arnol’d tongues, up to order 5, computed from the model in Eq. (2), in terms of the normalized forcing
frequency and of parameter h.
better appreciate this behavior, we numerically computed the Arnol’d tongues again, but now as a function
of the normalized forcing frequency and of parameter h. The results are shown in Figure 9—recall that h
changes are assumed to be inversely proportional to R4. There, we can observe how all tongues converge
to NFF = 2 when h = 0.5, indicating that this is a codimension-2 degenerate bifurcation point.
The existence of this degenerate bifurcation point can be understood by noticing in Fig. 7 that the
PTC becomes a flat horizontal line when h = 0.5. This means that, in the limit of very strong coupling,
any pulse will drive the slave oscillator to φ = 1/2—regardless of the phase at which it arrives—and
the slave-oscillator capacitor shall start discharging immediately after each pulse. All this means that,
if the master-oscillator frequency is larger than twice that of the slave oscillator, the pulses will always
arrive while the slave capacitor is discharging, immediately taking the capacitor back to the beginning of
the discharging phase. In consequence, the pulses won’t let the slave oscillator complete any cycle. This
explains the 1:0 phase locking rhythm. Contrarily, if the master oscillator frequency is smaller than twice
that of the slave oscillator, the pulses will arrive when the slave capacitor is charging; a given pulse will
completely charge the capacitor; and it will start discharging immediately. The next pulse will arrive when
the capacitor is charging, and the cycle shall be repeated. That is, every pulse makes the oscillator complete
a cycle, and this explains the 1:1 phase-locking rhythm seen in the upper-right corners of Figs. 8 and 9.
5. Strong-coupling limit
In order to experimentally corroborate the model prediction that a codimension-2 bifurcation point exists
in the very-strong coupling limit, we modified our experimental setup as follows:
Fig. 10. Experimental setup designed to investigate the synchronization of the master-slave system here introduced in the
strong coupling limit.
• The model predicts that, in the limit of very strong coupling, a sharp transition occurs between the 1 : 1
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and the 1 : 0 phase-locking rhythms, as the normalized forcing frequency moves from 1 to∞. However, it is
not straightforward to experimentally determine when the slave oscillator shows no complete oscillations,
and hence when the 1 : 0 phase-locking rhythm is achieved. To solve this problem we took advantage
of the fact that, due to the modulus function in Eq. (2), the same behavior should be observed between
the 1 : 2 and the 1 : 1 phase-locking rhythms. Thus, in the modified experimental protocol, we chose the
normalized forcing frequency to take values around the interval [0.5, 1], to experimentally determine this
second bifurcation point.
• To improve our control over the master oscillator, we substituted it by a microcontroller programed to
produce short pulses, as schematically represented in Fig. 10. By changing the microcontroller program
parameters we can modify pulse duration and pulse frequency. In particular, we considered pulse durations
in the interval [1, 4] ms.
• To guarantee that the short-pulse approximation is always satisfied, we chose the following values for
resistance R3 and capacitance C3: R3 = 2.2 kΩ and C3 = 10.0µF. With this component values, the slave
oscillator frequency is about 17 Hz.
• To have a finer control over the coupling strength, we fixed the coupling resistance value to R4 = 220 Ω,
and varied instead the duration of the pulses produced by the microcontroller. The rationale for doing this
was as follows: a longer pulse duration means that current flows into the slave-oscillator capacitor for a
longer time, and hence that more charge accumulates in it due to the pulse. This in turn implies that a
larger voltage increase is achieved.
Fig. 11. Plots of Arnol’d tongues, up to order 4, experimentally determined from the experimental setup represented in Fig.
10. Recall that this setup was explicitly designed to inspect the system behavior in the strong coupling limit.
After adjusting the experimental protocol, we repeated the procedure previously employed to determine
the system Arnol’d tongues up to order 4, with the only difference that the data acquisition card was set to
10,000 samples per second. The results are shown in Fig. 11. Notice how the experimental results agree with
the model predictions (see Fig. 9). Namely, the 1 : 2 and the 1 : 1 regions expand as the coupling strengthens
(squeezing all the tongues in between), and they tend to converge in a codimension-2 bifurcation point at
the very-strong coupling limit.
6. Concluding remarks
We designed and built a master-slave electronic oscillatory system based on the 555-timer oscillator—see
Fig. 2, and studied the synchronization of this system for several values of the master slave frequency
and of the coupling resistance (the uncoupled slave oscillator frequency was kept constant throughout
the experiments). Our results demonstrated the existence of phase-locking regions (also known as Arnol’d
tongues) in the parameter space, all of which apparently converge at NFF = 2 and R4 = 0. This would
imply that the the system phase locking rhythm changes, via period-adding bifurcations, as we move in
the parameter space, with the exception of the NFF = 2 and R4 = 0 which is a degenerate bifurcation
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point. These results were confirmed by a circle map built to model the response of a 555-timer oscillator
to periodic perturbations.
The existence of degenerate codimension 2 bifurcation points into which the Arnol’d tongues collapse
can be understood in terms of the circle-map phase transition curve (PTC), which has a horizontal middle
segment. According to Eq. (1), this middle segment widens as the coupling between the master and the
slave oscillators strengthens until, in the very strong coupling limit, the whole PTC is a horizontal line.
As previously discussed, this behavior of the PTC explains the collapse of Arnol’d tongues. This result is
in complete agreement with the findings of previous works in which similar circle maps have been studied
[Allen, 1983a,b; Be´lair, 1986; Arnold, 1991; Gurney et al., 1992]. Although the appearance of degenerate
codimension 2 bifurcation points had been theoretically predicted and some experimental evidence had
been collected, to the best of our knowledge, this is the first time that it is experimentally demonstrated by
thoroughly exploring the normalized forcing frequency-coupling strength parameter space. Interestingly,
modeling the system dynamics via a circle map with a piece-wise linear PTC is only a rough approximation.
A more detailed model would consist of ordinary differential equation that take into account the dynamics
of all the circuit components. However, such a model would not lead to a piece-wise linear PTC with a
flat region, and so it would not predict a degenerate codimension point. Taking this into consideration, we
can conclude that we have experimentally observed this bifurcation either because the exploration has not
been made on a fine enough scale to distinguish the individual termination points of the Arnol’d tongues
at high forcing intensity on the boundaries of other tongues, or because such fine-scale structure is not
determinable in this circuit, given the amount of experimental noise that is inevitably present.
Finally, we wish to emphasize the didactic value of the system here analyzed. Given the facility to
build it, the non expensiveness of its components, and the general availability of the equipment necessary
to carry out the corresponding measurements, it can be employed as a laboratory exercise to exemplify the
usage of nonlinear dynamics to understand the phenomenon of synchronization.
Acknowledgements
The author deeply thanks Profs. Michael C. Mackey and Michael Guevara for their valuable advice, McGill
University for its hospitality while carrying out this project, and D. Orozco-Gmez and E. Sosa-Hernndez for
critically reading the manuscript. The author is also grateful to the anonymous reviewers whose comments
greatly helped to improve the manuscript.
References
Allen, T. [1983a] “Complicated, but rational, phase-locking responses of a simple time-base oscillator,”
IEEE Transactions on Circuits and Systems CAS-30, 627–632.
Allen, T. [1983b] “On the arithmetic of phase locking: Coupled neurons as a lattice on r2,” Physica D:
Nonlinear Phenomena 6, 305–320, doi:10.1016/0167-2789(83)90014-3.
Arnold, V. I. [1991] “Cardiac arrhythmias and circle mappings),” Chaos 1, 20, doi:10.1063/1.165812.
Be´lair, J. [1986] “Periodic pulsatile stimulation of a nonlinear oscillator,” J Math Biol 24, 217–32.
Boyland, P. L. [1986] “Bifurcations of circle maps: Arnol’d tongues, bistability and rotation intervals,”
Communications in Mathematical Physics 106, 353–381.
Dolnik, M., Finkeova, J., Schreiber, I. & Marek, M. [1989] “Dynamics of forced excitable and oscilla-
tory chemical reaction systems,” The Journal of Physical Chemistry 93, 2764–2774, doi:10.1021/
j100344a015.
Eiswirth, M. & Ertl, G. [1988] “Forced oscillations of a self-oscillating surface reaction,” Phys. Rev. Lett.
60, 1526–1529, doi:10.1103/PhysRevLett.60.1526.
Glass, L. [2001] “Synchronization and rhythmic processes in physiology,” Nature 410, 277–84, doi:10.1038/
35065745.
Glass, L., Guevara, M. R., Be´lair, J. & Shrier, A. [1984] “Global bifurcations of a periodically forced
biological oscillator,” Phys. Rev. A 29, 1348–1357, doi:10.1103/PhysRevA.29.1348.
Glass, L. & Mackey, M. C. [1988] From clocks to chaos: the rhythms of life, Princeton paperbacks (Princeton
University Press, Princeton, N.J.).
March 14, 2018 10:17 555Synch
12 REFERENCES
Gonza´lez, H., Arce, H. & Guevara, M. R. [2008] “Phase resetting, phase locking, and bistability in the
periodically driven saline oscillator: Experiment and model,” Phys. Rev. E 78, 036217, doi:10.1103/
PhysRevE.78.036217.
Guevara, M. R. & Glass, L. [1982] “Phase locking, period doubling bifurcations and chaos in a mathematical
model of a periodically driven oscillator: a theory for the entrainment of biological oscillators and the
generation of cardiac dysrhythmias,” J Math Biol 14, 1–23.
Guisset, J.-L., J.-L., D. & Ramı´rez-A´vila, G. M. [2007] “The phase information associated to synchronized
electronic fireflies,” arxiv nlin/0206036.
Gurney, W. S. C., Crowley, P. H. & Nisbet, R. M. [1992] “Locking life-cycles onto seasons: Circle-map
models of population dynamics and local adaptation,” Journal of Mathematical Biology 30, 251–279,
doi:10.1007/BF00176151.
He, D.-R., Wang, D.-K., Shi, K.-J., Yang, C.-H., Chao, L.-Y. & Zhang, J.-Y. [1989] “Critical behavior
of dynamical systems described by the inverse circle map,” Physics Letters A 136, 363 – 368, doi:
http://dx.doi.org/10.1016/0375-9601(89)90416-7.
Kaplan, D. & Glass, L. [1995] Understanding nonlinear dynamics (Springer-Verlag, New York).
Mirollo, R. E. & Strogatz, S. H. [1990] “Synchronization of pulse-coupled biological oscillators,” SIAM J.
Appl. Math. 50, 1645–1662.
Peskin, C. S. [1975] Mathematical aspects of heart physiology (Courant Institute of Mathematical Sciences,
New York University, New York).
Pikovsky, A., Rosenblum, M. & Kurths, J. [2001] Synchronization: a universal concept in nonlinear sciences,
Vol. 12 (Cambridge University Press, Cambridge).
Ramı´rez-A´vila, G. M., Deneubourg, J. L., Guisset, J. L., Wessel, N. & Kurths, J. [2011] “Firefly courtship
as the basis of the synchronization-response principle,” EPL (Europhysics Letters) 94, 60007, doi:
10.1209/0295-5075/94/60007.
Ramı´rez-A´vila, G. M., Guisett, J. L. & Denebourg, J. L. [2007] “Influence of uniform-noise on two light-
controlled oscillators,” International Journal of Bifurcation and Chaos 17, 44534462, doi:10.1142/
s0218127407020117.
Ramı´rez-A´vila, G. M., Guisset, J. L. & Deneubourg, J. L. [2003] “Synchronization in light-controlled
oscillators,” Physica D: Nonlinear Phenomena 182, 254273, doi:10.1016/s0167-2789(03)00135-0.
Ramı´rez-A´vila, G. M., Kurths, J., Guisset, J. L. & Deneubourg, J. L. [2010] “When does noise destroy
or enhance synchronous behavior in two mutually coupled light-controlled oscillators?” Phys. Rev. E
82, doi:10.1103/physreve.82.056207.
Rubido, N., Cabeza, C., Kahan, S., Ramı´rez A´vila, G. M. & Marti, A. C. [2011a] “Synchronization regions
of two pulse-coupled electronic piecewise linear oscillators,” The European Physical Journal D 62,
51–56, doi:10.1140/epjd/e2010-00215-4.
Rubido, N., Cabeza, C., Mart´ı, A. C. & Ramı´rez A´vila, G. M. [2009] “Experimental results on synchro-
nization times and stable states in locally coupled light-controlled oscillators,” Philos Trans A Math
Phys Eng Sci 367, 3267–80.
Rubido, N., Cabeza, C., Ramı´rez-A´vila, G. M. & Mart´ı, A. [2011b] “Scaling laws in the transient dynamics
of firefly-like oscillators,” Journal of Physics: Conference Series 285, 012026, doi:10.1088/1742-6596/
285/1/012026.
Tang, Y. S., Mees, A. I. & Chua, L. O. [1983] “Synchronization and chaos,” IEEE Transactions on Circuits
and Systems CAS-30, 620–626.
